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The presence of algebraically decaying long-range interactions may alter the critical as well as
topological behaviour of a quantum many-body systems. However, when the interaction decays at a
faster rate, the short-range behaviour is expected to be retrieved. Similarly, the long-range nature of
interactions has a prominent signature on the out of equilibrium dynamics of these systems, e.g, in
the growth of the entanglement entropy following a quench, the propagation of mutual information
and non-equilibrium phase transitions. In this review, we summarize the results of long-range
interacting classical and quantum Ising chains which have been studied since decades. Thereafter,
we focus on the recent developments on the integrable long-range Kitaev chain emphasising the role
of long-range superconducting pairing term on determining its topological phase diagram and out
of equilibrium dynamics.
I. INTRODUCTION
The critical behavior of a classical as well as a quantum system is drastically modified in the presence of a long-
range interaction that decays in a power-law fashion. The study of long-range interacting Ising (as well as n-vector
systems) has a long history[1–3]. The model was studied in the context of possibility of long-range order surviving
at a finite temperature in the one-dimensional situation[4]. However for all dimensions, the critical behavior of the
same model was explored within the renormalisation group technique. Remarkably, it was also found that one of the
critical exponents is exactly known as long as the long-range interactions are relevant [5]. Further, if the strength of
the interaction decays fast enough (with the distance between the spins), the model exhibits the short-range critical
behaviour. Many magnetic systems show the signature of long-range interactions (e.g., RKKY interactions); the
celebrated example being the experimental studies of the Ising system LiHoxY1−xF4 which has long-ranged dipolar
interactions and can be ideally modelled by a quantum Ising spin-glass with long-range interactions [6]. Recently,
such tunable power-law interaction has been realized in trapped ions [7–9], thereby providing an excellent platform
for verifying the corresponding theoretical predictions. In this review, we present a brief summary of long-range
interacting classical and quantum Ising models elaborating on how do the the critical behaviour of the model gets
modified in the presence of long-range interactions; a special type of Brezenski-Kosterlitz-Thouless transition occurring
in an inverse-square classical Ising chain has also been discussed. We also briefly dwell on the quantum version of the
long-range Ising chain that has a non-commuting transverse field and discuss the associated zero temperature and
finite temperature phase transitions.
Topological properties of a p-wave spin-less superconductor (i.e., the short-range Kitaev chain [10]), have been
studied from different points of views in recent years [11–17]. For a review, see [18]. A spinless p-wave superconductor
may have a phase with edge Majorana modes as midgap excitations that are guaranteed by particle-hole symmetry
of the system. The superconducting pairing term of such a Hamiltonian actually induces the zero energy excitations
in the system. The presence of the zero energy Majorana modes at the ends of a long and open chain characterises
topologically non-trivial phase; on the contrary, the phase in which edge Majoranas are absent is topologically trivial.
The number of Majorana zero modes (MZMs) is a topological invariant; this value does not change until the system
crosses the phase boundary between the topological and the trivial phases. It has been proposed that the proximity
effect between the surface states of a strong topological insulator and s-wave superconductor can generate a two
dimensional state strongly resembling a p-wave superconductor which can host Majorana states at the vortices [19].
Further, topological superconductivity can be induced by replacing the topological insulator by a semi-conductor with
strong spin-orbit coupling [12]. Recent experiments have reported possible detection of the signature of these Majorana
modes in the zero-bias transport properties of nanowires coupled to superconductors [20–23]. An experimental study
of the possible hybridization of the Majorana modes (and hence their disappearance) by tuning the chemical potential
of a similar system across a topological phase transition has been carried out [24]. However, some discrepancies in
experimental results with the theoretical predictions have also been pointed out [25]. We note that the short-range
Kitaev chain can be mapped to a quantum Ising chain through the Jordan-Wigner transformation [26, 27], however
the latter model does not have any topology in the true sense.
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2Recently motivated by the short-range one-dimensional Kitaev chain [10], a long-range version of an integrable
p-wave superconducting chain of fermions, with a long-range superconducting pairing term was proposed [28] (see
also 29–38). A major part of this review deals with the static as well as the dynamical properties of this long-range
Kitaev chain. What is remarkable is that in spite of the power-law interacting superconducting term, this model can
be reduced to decoupled 2×2 structure corresponding to each quasi-momentum value and hence is exactly solvable. It
should, however, be noted that unlike the short-range Kitaev model, this model can not be mapped to a corresponding
spin model. It has been reported [32] that when the pairing terms decay faster, the model exhibits the topological
properties of the corresponding short-range model; on the contrary, for slow decay of the long-range interactions the
model supports a new unconventional topological phase of matter. In this new phase, the zero-energy Majorana
modes coalesce to form massive non-local edge states called massive Dirac modes (MDMs) which are otherwise absent
in the standard Kitaev model. These new edge states lie within the bulk energy gap and are topologically protected
against local perturbations that do not break fermionic parity and particle-hole symmetry.
The review is organised in the following fashion: In Sec. II, we discuss phase transitions in long-range interacting
classical and quantum Ising chains. In Sec. III, we introduce the LRK Hamiltonian and provide an exact analytical
solution of the spectrum. In Sec.IV, we recall the short-range limit and analyse the corresponding topological phase
diagram. The critical points, entanglement entropy and the topological phase diagram of the LRK model are presented
in Sec. V. In Sec. VI, we review the out of equilibrium dynamics of the LRK chain in the context of propagation of
mutual information and the Kibble Zurek scaling and some relevant studies on the dynamics of the LRK chain are
briefly mentioned in Sec. VII. Finally, we present the concluding comments in Sec. VIII. In Appendix A, we present
a brief calculation of the winding number of the LRK chain both in short-range and long-range limits.
II. LONG-RANGE INTERACTING CLASSICAL AND QUANTUM ISING MODELS
Let us first introduce the long-range interacting classical Ising model with (ferromagnetic) interactions decaying in
an algebraic fashion. The model is described by the Hamiltonian
H = −
∑
(i,j)
JijSiSj , (1)
where the binary variables Si’s, residing on the site i, can assume values ±1. The interaction is chosen of the form:
Jij = J/r
d+σ
ij ,
where rij is the distance between the sites i and j and d denotes the spatial dimension of the hyper-cubic lattice.
Here, the parameter σ determines the strength of interaction between the distant sites and for a large value of σ, the
model reduces to the short-range nearest neighbour Ising model. However, we shall discuss below that if the range
parameter σ exceeds 2 (for d > 1), the critical behavior of the model is essentially that of the short-range system.
The model in Eq. (1) is not exactly solvable, except for the special limit of the nearest neighbour interaction in one
and two dimensions.
The study of a power-law interacting classical Ising model has a long history [1–3]. In particluar, Thouless [4]
explored the possibility of a long-range ferromagnetic order surviving at a finite temperature in one dimensional
version of the model in Eq. (1). It was argued that with d = 1, a finite critical temperature, demarcating the transition
between the ferromagnetic and the paramagnetic phase, can only exist if the parameter σ < 1, i.e., the interaction
is sufficiently long-ranged. For σ > 1, however, the long-range order gets destroyed at any finite temperature. (This
can also be verified in a straightforward fashion using a generalized version of the Peierls’ argument extended to the
long-range interacting systems.)
The situation with d = σ = 1 (i.e., the inverse-square classical Ising model), which happens to be the marginal
case turns out to be the most intriguing. This model exhibits a special kind of Brezenski-Kosterlitz-Thouless (BKT)
transition at a finite temperature Tc [40]. This transition is associated with a discontinuous jump in the spontaneous
magnetisation; this resembles the discontinuous jump in the spin-wave stiffness in the conventional BKT transition oc-
curring in a two-dimensional classical XY model. The kinks and anti-kinks in the present case interact logarithmically
and a systematic decimation of the nearest neighbour kink-antikink pairs yields the BKT RG equation. Referring to
a Coulomb gas picture, the present model describes a two-dimensional Coulomb gas (due to logarithmic interactions)
confined in one-dimension with the constraint that kinks and anti-kinks are alternating. The interesting feature of
the model is the existence of a phase (as predicted for the first time in Ref. [41]) characterised by a correlation
function G(r) (between two spins separated by a distance r) falling as G(r) ∼ 1/rθ. Near the transition point the
exponent θ decreases with temperature and vanishes at Tc where there is a logarithmic decay of correlation function.
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FIG. 1: The schematic phase diagram of the inverse-square Ising chain; Hamiltonian (1) with d = σ = 1; the exponent varies
continuously in the ordered phase and the linear susceptibility diverges in the shaded region. After Ref. [53].
Within the range of temperature, for which θ lies between 0 and 1, the linear susceptibility of the system diverges as
schematically depicted in Fig. 1. The existence of this power-law correlated phase and the discontinuous jump in the
order parameter were established using the renormalisation group arguments along with numerical simulations (up
to 106 lattice sites) a couple of decades after the initial prediction [42]. This situation may be contrasted with the
conventional XY model where in the entire BKT phase, the exponent describing the algebraic decay of the correlation
function varies continuously and saturates to a value 1/4 at the transition; further, the linear susceptibility diverges
for all temperature T < Tc [43, 44]. It should also be noted that an inverse square Ising chain has been studied in the
context of the Kondo effect in a metal [45].
The field theoretical study of the associated BKT transition in the inverse-square model is still an open question.
Even though a one-dimensional sine-Gordon action (with a long-range kinetic term) indicates a transition, the coupling
term (or the inverse temperature) does not flow to any order of perturbation theory [46]. This sine-Gordon action does
not correctly represent the BKT transition of the inverse square chain because it fails to incorporate the constraint
of alternating kink-antikink pairs.
The model in Eq. (1) has been studied using a renormalisation calculation using an  expansion around the upper
critical dimension [5]. In the continuum limit the model is described by the action
A = 1
2
∫
ddq
(2pi)d
(
bq2 + aqσ +m
)
φ~qφ−~q + u
∫
ddq1
(2pi)d
ddq2
(2pi)d
ddq3
(2pi)d
ddq4
(2pi)d
δd(~q1 + ~q2 + ~q3 + ~q4)φ~q1φ~q2φ~q3φ~q4 , (2)
where m and u represent the mass and the interaction terms, respectively, while φ~q’s are order parameter fields in the
Fourier space (~q). The Gaussian propagator corresponding to (2) (with the interaction u = 0) is given by:
G0(q) =
1
aqσ + bq2 +m
; (3)
Inspecting the propagator in Eq. (3), we conclude that for σ < 2, the long-ranged nature of the interaction dominates
while for σ ≥ 2, the critical exponents are those of the short-range Ising model. Further, by counting the scaling
dimension of the interaction u in the action (2), it is straightforward to show that u is irrelevant when d > 2σ;
therefore, for a given σ the upper-critical dimension of the model du = 2σ, which approaches the well-known result
du = 4 in the short-range limit of σ → 2. The mean-field exponents for the long-range model are simply given as
γLR = 1, νLR = 1/σ and the Fisher exponent (that determines the algebraic decay of the correlation function at the
critical point) ηLR = 2− σ; evidently all the exponents approach the short-range mean field exponents as σ → 2.
We further note that the upper-critcality condition, du = 2σ, also determines an upper-critical range beyond which
mean field critical behaviour holds true. For example, for d = 1, for the parameter σ < 1/2 (i.e., the interaction
is sufficiently long-ranged), we expect the critical exponents are those of mean field character; on the contrary, for
1 > σ > 1/2, there will be non-meanfield exponents which can be derived using the -expansion technique around the
upper critical dimension. What is remarkable is that the exponent η sticks to the mean field value 2 − σ up to any
order of  as long as σ < 2. As σ → 2, ηLR picks up the value of the short-range Ising model (ηSR = 2/54 where
 = 4 − d) in which the coefficient b in Eq. (3) picks up the correction in the order O(2). (In that sense, one can
argue that more precisely, the crossover between the long-range and the short-range critical behaviour occurs when
σ → 2 − ηSR.) Therefore, one of the two independent exponents associated with the continuous phase transition is
exactly known.
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FIG. 2: The schematic phase diagram and the RG flow in the h-T plane of one dimensional quantum Ising chain (4) for different
values of σ. (a) For σ < 1, the system has both thermal phase transitions and a quantum phase transition (at T = 0) and there
is a phase boundary separating the ordered and the disordered phase. The finite temperature transitions belong to the classical
long-range universality class. (b) For σ = 1, any finite temperature transition is of BKT type while the zero-temperature
transition is order-disorder. In the shaded region, linear susceptibility diverges. (c) For σ > 1, there is no finite temperature
transition. (After Ref. [51].)
The quantum version of the model in Eq. (1) described by the Hamiltonian
H = −
∑
(i,j)
Jijσ
z
i σ
z
j − h
∑
i
σxi , (4)
was introduced in the Ref. [47]; here, σ’s are Pauli matrices satisfying the standard commutation relations. The
non-commuting transverse field h can be tuned to drive the system from a ferromagnetic phase to a paramagnetic
phase across a quantum critical point (QCP) at T = 0. The corresponding Landau Ginzberg action (in the continuous
Matsubara frequency representation) can be written as:
AQ = 1
2
∫
dω
2pi
∫
ddq
(2pi)d
(
g˜ω2 + bq2 + aqσ + r
)
φ~qφ−~q
+ u
∫
ddq1
(2pi)d
ddq2
(2pi)d
ddq3
(2pi)d
ddq4
(2pi)d
δd(~q1 + ~q2 + ~q3 + ~q4)δ(ω1 + ω2 + ω3 + ω4)φ~q1(ω1)φ~q2(ω2)φ~q3(ω3)φ~q4(ω4), (5)
so that the corresponding Gaussian propagator is given by
G0(q) =
1
g˜ω2 + aqσ + bq2 + r
. (6)
We once again note that for σ < 2, the quantum critical behavior is determined by the long-ranged nature of the
interaction. The mean field dynamical exponent (z) that determines the dispersion at the quantum critical point (i.e.,
ω ∼ qz) is given by z = σ/2 and thus assumes the short-range value z = 1 as σ → 2. Using the propagator in Eq. (6),
one can deduce the modified upper criticality relation du = 3σ/2. One can further show that the dynamical exponent
z picks up a correction only in the O(2). Exploiting the modified upper criticality relation, we find that for a given d,
the quantum transitions with values σ ≤ 2d/3 are described by the σ-dependent mean field exponents quoted above.
We shall now elaborate on the one-dimensional situation: what is noteworthy is that the Hamiltonian (4) shows
a quantum phase transition for all values of σ unlike the classical case when the long-range order gets destroyed at
any finite temperature for σ > 1. This is because of the quantum-classical mapping of the Hamiltonian (4): the
quantum phase transition of the one-dimensional version of the quantum model in (4) at T = 0, belongs to the
same universality class as that of the finite temperature phase transition of a two-dimensional classical Ising model.
This equivalent classical model has a power-law interaction in one direction and short-range interaction in the other
(Trotter) direction and shows a finite temperature phase transition even in the short-range limit. However, any finite
temperature transition of the same quantum model belongs to the universality class of an equivalent classical Ising
model of same dimensionality. Thus, for σ > 1, there is no finite temperature transition of the model Eq. (4), while
there is a phase transition line separating the ferromagnetic and the paramagnetic phase in the T -h plane if σ < 1.
5We shall now focus on the case d = σ = 1, where, as discussed already, the classical version of the model shows
a special type of BKT transition. Recalling the quantum-classical mapping, we note that the finite temperature
transition of the quantum Ising chain is always determined by the thermal fixed point which . We can thus conclude
that any finite temperature transition (for σ = 1) is definitely a BKT transition occurring at a reduced temperature
Tc(h). Furthermore, for σ > 1, the model behaves like the short-range Ising chain at any finite temperature and there
is no long-range order (see Fig 2).
Recently, the fidelity susceptibility of quantum antiferromagnetic transverse Ising chain with a long-range power
law interaction 1/rα, has been studied using the large-scale density matrix renormalization group method [48]; the
complete phase diagram has been obtained for 0 < α ≤ 3 from the data collapse of the fidelity susceptibility . It has
been reported that the critical exponent of the correlation length ν = 1 for arbitrary α > 0, indicating that quantum
phase transitions for all values of α are of second-order Ising nature; further, the critical value of the transverse field
hc has been found to change monotonically with respect to α; the same model has been studied using the linked
cluster method [49].
We conclude this section, with the note that the disordered version of the long-range Ising model has also been
studied in the context of classical [50] as well as quantum spin glass transitions [51]. The phase transition of a
short-range Ising model on a long-range percolating lattice [52] has also been explored [53].
III. LONG-RANGE KITAEV MODEL
In this section, we will consider another example of long-range quantum system related to spinless fermionic models
which is a generalised version of the p-wave superconducting Kitaev chain [10], where both the hopping and p-wave
pairing terms may have long range interactions. Unlike the long-range Ising model, discussed in the previous section,
the presence of long-range interactions does not break the integrability of the model. The long-range Kitaev chain,
described by the tight-binding Hamiltonian,
HLRK =
L∑
n=1
−w
(
c†ncn+1 + c
†
n+1cn
)
− µ
L∑
n=1
(2c†ncn − 1) + ∆
L∑
n=1
L−1∑
`=1
d−α`
(
cncn+` + c
†
n+`c
†
n
)
, (7)
was introduced by Vodola et al. [28, 32]. Here, L, w µ, and ∆ stand for the total number of lattice sites, the nearest
neighbour hopping amplitude, the chemical potential, and the strength of the superconducting gap, respectively.
We will assume w, µ and ∆ are real. The fermionic annihilation (creation) operators cn (c
†
n) satisfy usual anti-
commutation relations {cm, cn} = 0 and
{
cm, c
†
n
}
= δmn. The superconducting pairing term is a function of the
distance d` between any two sites n and n+ ` and decay algebraically characterized by the exponent α (α > 0). For
a closed ring d` = Min[`, (L − `)], while for an open chain d` = `. Although the fermionic number is not conserved
but the parity is conserve in the above Hamiltonian like the corresponding short-range model.
Considering the anti-periodic boundary condition, the above quadratic Hamiltonian can be recast in the momentum
space with ck = (1/
√
L)
∑
n cn exp(−ikn), where the momentum mode are quantized as k = (2pi/L) (n+ 1/2) with n
is a positive integer. Then, the Hamiltonian in Eq. (7) can be written in the following block diagonal form for each
momentum mode,
H =
∑
k
(
c†k c−k
)
Hk
(
ck
c†−k
)
(8)
with
Hk =
(
w cos k + µ −i∆fα(k)
i∆fα(k) −w cos k − µ
)
(9)
where
fα(k) =
L−1∑
`
sin(k`)
dα`
. (10)
The spectrum of excitations can be obtained through a Bogoliubov transformation,(
ηk
η†−k
)
=
(
cos θk i sin θk
i sin θk cos θk
)(
ck
c†−k
)
(11)
6where θk is given by
tan(2θk) = − ∆fα(k)
w cos k + µ
. (12)
In the Bogoluibov basis, the Hamiltonian can be put in the diagonalised form:
H =
∑
k
λα(k)
(
η†kηk −
1
2
)
(13)
where λα(k) is the quasiparticle dispersion relation is given by
λα(k) =
√
(w cos k + µ)2 + (∆fα(k))2. (14)
As the Hamiltonian does not commute with the fermionic number, the ground state in momentum basis is given by
the vacuum of the Bogoliubov fermions and it has a BCS like form;
|ψk〉 =
∏
k
(
cos θk − i sin θkc†kc†−k
)
|0〉 (15)
where |0〉 is vacuum of the ck fermions. In the thermodynamic limit L→∞, the momenta assume continuous values
in the Brillouin zone and the particle-hole symmetric dispersion relation will be
λ∞α (k) = ±
√
(w cos k + µ)2 + (∆f∞α (k))2. (16)
where
f∞α (k) = −
i
2
∞∑
`=1
exp(ik`)− exp(−ik`)
`α
=
i
2
[
Liα(e
−ik)− Liα(eik)
]
(17)
with Liα(x) being the poly-logarithmic functions of x. (For a thorough discussion on these function, refer to [29].)
One can further generalise Hamiltonian in (7) to the form:
HLRK = −w
L∑
n=1
d−β`
(
c†ncn+1 + c
†
n+1cn
)
− µ
L∑
n=1
(2c†ncn − 1) + ∆
L∑
n=1
L−1∑
`=1
d−α`
(
cncn+` + c
†
n+`c
†
n
)
, (18)
with an additional long-range hopping term with exponent β > 0. Then the Hamiltonian in Eq. (9) and the dispersion
relation in Eq. (14) will have similar form with cos k getting substituted by gβ(k) =
∑
` d
−β
` cos(k`). It has, however,
been show that the inclusion of the long-range hopping does not produce any new topological phases rather it may
enlarge the topologically non-trivial phase. The effects of long-range hopping [17] and as well as long-range pairing
has been discussed in the Ref. [54].
A. Topological invariant: the winding number
The above Hamiltonian is time reversal, particle-hole and chiral symmetric and lies in the BDI class of the tenfold
way of classification of topological insulators and superconductors [55]. The Hamiltonian Hk in Eq. (9) can be map
to a winding vector ~nk = (0,∆f
∞
α (k), w cos k+µ) in the y-z plane by rewriting the Hamiltonian as Hk = ~nk ·~σ, where
~σ = (σx, σy, σz) are the Pauli matrices. Considering the angle φk = tan
−1 [∆f∞α (k)/(w cos k + µ)] made by the vector
nˆk with the z axis, we can define a winding number as
ν =
1
2pi
∮
dφk =
1
2pi
∫ 2pi
0
dk
(
dφk
dk
)
, (19)
which is the angle subtended by the vector ~nk, as we go around the Brillouin zone, divided by 2pi. The winding number
ν remains unchanged under any adiabatic deformation of the Hamiltonian Hk via continuous changing a parameter
of it, while keeping the symmetries of the system intact, without closing the bulk gap. It can only change if we close
7the gap and reopen it. Therefore, in a gapped phase, it defines a Z valued topological invariant and generally takes
integer value. We will call a phase topologically non-trivial if ν 6= 0 and non-topological or trivial if ν = 0.
We note that one can also choose the Berry phase [56] in 1D or the Zak phase [57] to define a topological invariant
which has one to one correspondence with the winding number. After making the Hamiltonian in Eq. (9) off-diagonal
by a unitary transformation, the eigenstate of the lower band |u−k 〉 of the system picks up a Berry Phase;
Φz = i
∫ k0+G
k0
〈u−k |∂k|u−k 〉dk (20)
as we considered a adiabatic transport from a particular momentum k0 up to a reciprocal lattice vector G i.e. k0 +G.
Generally, it is quantized in integer multiple of pi that characterizes distinct topological phases.
IV. SHORT-RANGE KITAEV CHAIN
We shall now consider the limit α→∞ so that the pairing term is limited to nearest neighbours only [10]. In this
limit, the Hamiltonian in Eq. (7) assumes the simplified form
HSRK = −w
L−1∑
n=1
(
c†ncn+1 + c
†
n+1cn
)
− µ
L∑
n=1
(2c†ncn − 1) + ∆
L−1∑
n=1
(
cncn+1 + c
†
n+1c
†
n
)
, (21)
and the corresponding dispersion relation given in Eq. (16) reduces to
λ(k) = ±
√
(w cos k + µ)2 + (∆ sin k)2. (22)
It is evident from (22), the spectrum become gap-less at µ = ∓w for the momentum mode k = 0 and k = pi,
respectively. Therefore, the phase diagram is gapped everywhere in the µ − ∆ plane except at the critical lines
µ = ∓w; see Fig. 3(a). One can further topologically characterize the phase diagram through the winding number ν
defined in Eq. (19). It can be shown that there are three topological distinct phases separated by the critical lines
µ = ±w, ∆ = 0 for SRK model: a trivial phase for |µ/w| > 1 with ν = 0 (Phase III in Fig. 3(a)) and two topological
phases for |µ/w| < 1 with ν = −1 ( ν = 1) when ∆/ω < 0 (∆/ω > 0) (Phase I and II in Fig. 3(a), respectively). The
phase diagram is expected to be identical for both positive and negative µ; this is ensured by the fact that under the
unitary transformation cn → (−1)n c†n, µ in the Hamiltonian in Eq. (21) goes to −µ.
One can further decompose the Dirac fermions (cn) in terms of two (real) Majorana fermions (an and bn) such
that cn = (an − ibn) /2; the Majorana operators satisfy the relations {an, am} = {bn, bm} = 2δmn, {an, bm} = 0 and
a2n = b
2
n = 1. Then, the topological trivial and non-trivial phases can also be characterised by the presence and
absence of the Majorana zero mode at the boundaries of an open SRK chain. This is the so-called ”bulk-boundary”
correspondence.
In terms of Majorana fermions one can rewrite the Hamiltonian in Eq. (21) with an open boundary condition as,
HSRK = i
L−1∑
n=1
[−Jxbnan+1 − Jyanbn+1] + iµ
L∑
n=1
anbn, (23)
with Jx =
1
2 (∆ + w) and Jy =
1
2 (∆− w). In the limit of extreme weak pairing; µ = 0, Jy = 0 and Jx > 0
(∆ = w > 0), the tight binding Hamiltonian in Eq. (23) connects the inter site Majorana fermions in a staggered
fashion as shown in the Fig. 4(a). This yields two Majorana fermions a1 and bL are isolated at the left and right end of
an open chain, respectively, not appearing in the Hamiltonian, and thus, one has two Majorana zero modes (MZMs)
at the two ends of the chain. On the other hand, in the other limit of Jx = 0 and Jy > 0 (∆ = −w > 0) with µ = 0,
there exist two MZMs b1 and aL at the left and right ends, respectively, (as shown in the Fig. 4(b)). The presence
of MZMs at either ends in these two limits refers the topological non-trivial phase I and II in Fig. 3(a) with winding
number ν = ±1, respectively. Finally, in the extreme strong pairing limit between intra-site Majoranas; µ 6= 0 and
Jx = Jy = 0 (∆ = w = 0), the Majorana fermions an and bn are pairwise connected and there are no MZMs at
either end of an open chain (see Fig. 4(c)), yields a topological trivial phase with ν = 0 (phase III in Fig. 3(a)). This
topological behavior is protected by the gap in the spectrum and does not alter as long as a gap-less quantum critical
point is crossed [15].
The ground state of the topological non-trivial phases is two fold degenerate, which is associated with the isolated
MZMs. The two isolated MZMs can together be written in terms of an ordinary fermion f = (a+ ib) /
√
2 (for which
f 6= f†); the corresponding zero energy state may be occupied or unoccupied (f†f = 1 or 0). This gives rise to two
8ν = 0
µ/w
∆/w
III
ν = +1
I
III
ν = 0
II
−1
ν = −1
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FIG. 3: (a) Phase diagram of the short-range Kitaev chain in the µ-∆ plane with black thick lines representing critical lines.
Phases I and II are the topologically non-trivial phase whereas phase III is the non-topological phase. (b) The energy spectrum
of an open chain of SRK Hamiltonian in the Majorana basis by diagonalizing the Hamiltonian in Eq. (23) with system size
L = 70, w = 1 and ∆ = 1. Note that zero energy Majorana modes are present in the region −1 < µ < +1, i.e., in the
topological phase.
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FIG. 4: This figure is showing a schematic diagram of the presence and absence of Majorana zero modes in different extreme
limits for an open chain of SRK model with the total number of sites L = 10 and different parameter values (a) Jx = (∆+w)/2 >
0, Jy = 0, µ = 0 (b) Jy = (∆− w)/2 > 0, Jx = 0, µ = 0 and (c) Jx = Jy = 0, µ 6= 0.
possible ground states which are degenerate for an infinitely long chain. Hence the ground state of the SRK chain is
two-fold degenerate, but the two states have different parities depending on whether the zero energy state is occupied
or not. Thus, choosing one of the two degenerate states amounts to breaking the Z2 symmetry of the ground state.
Using the Jordan-Wigner transformation [26], one can also map the fermionic system in Eq. (23) in to spin-1/2 XY
chain in a transverse magnetic field, Introducing the Jordan-Wigner transformations from the spin-1/2 operators to
Majorana operators:
an =
n−1∏
j=1
σzj
σxn, and bn =
n−1∏
j=1
σzj
σyn (24)
9where σan (a = x/y/z) denote the Pauli matrices at site n, then the Hamiltonian in Eq. (23) can be written as
H = −
L−1∑
n=
(
Jxσ
x
nσ
x
n+1 + Jyσ
y
nσ
y
n+1
)− µ L∑
n=1
σzn. (25)
Referring to Fig.3(a), the phases I and II are Z2 symmetry-broken ferromagnetic phases, while the phase III is
paramagnetic.
V. LONG-RANGE LIMIT, CORRELATIONS AND PHASE DIAGRAM
It is evident that for any finite value of the exponent α, the Hamiltonian in Eq. (7) can not be mapped to XY
model by the Jordan Wigner transformation. Furthermore, the transformation cn → (−1)n c†n no longer connects the
negative µ to positive µ, thus the phase diagram is also not symmetric around µ = 0 for any finite α unlike the SRK
model.
A. Critical lines and phase diagram
In order to determine the phase diagram in the limit L→∞, we recall the dispersion relation:
λ∞α (k) = ±
√
(cos k + µ)2 + (f∞α (k))2, (26)
where we have chosen w = ∆ = 1/2, without loss of generality. The critical lines can be obtained by studying the
zeros and divergences of the function
f∞α (k) =
i
2
[
Liα(e
−ik)− Liα(eik)
]
, (27)
For α > 1, the function f∞α (k) = 0 for k = 0 and k = pi. Thus, the dispersion goes to zero for these two critical modes
k = 0 and k = pi at both the critical lines µ = ∓1, respectively. On the contrary, the situation changes drastically
when α < 1, the function f∞α (k) is only zero for k = pi, yields the line µ = +1 is gapless , whereas the line µ = −1 is
gapped. This is because of the fact that the function f∞α (k) diverges as k → 0 for α < 1 and hence λ∞α ∼ k−(1−α) in
the limit k → 0. Consequently, the energy of the system also becomes super-extensive for α < 1. Therefore, in the
case of LRK model, there are only two different sectors in the phase diagram separated by the line α = 1.
B. Correlation function and Entanglement entropy
The scaling of the correlation functions and the entanglement entropy in the ground state of the LRK chain has
been discussed by Vodola et al., in [28]. Let us consider the one body two point correlation function Cr = 〈ψ0|c†rc0|ψ0〉
at a distance r, where the expectation value is taken over the ground state |ψ0〉 in the fermionic basis; this can be
exactly found using the ground state defined in Eq. (15) as follows,
Cr =
1
L
∑
k
e−ikr〈ψk|c†kck|ψk〉 =
1
L
∑
k
e−ikr sin2 θk (28)
where θk is given in Eq. (12). Similarly, we can also calculate the anomalous two point correlation function Fr =
〈ψ0|c†rc†0|ψ0〉, which is given by,
Fr =
1
L
∑
k
e−ikri sin θk cos θk (29)
These correlators can be solved analytically as a function of µ and α in the thermodynamic limit as rigorously shown
in Ref. [28].. Interestingly, a hybrid exponential-algebraic decay of the two point correlators has been found. More
specifically, it is exponential in the short distance and have an algebraic tail in the large distance for α > 1 and
the exponential decay dominates for as α increases; on the other hand, it has purely an algebraic decay for α < 1
i.e., when system become sufficiently long-ranged. This algebraic decays of the correlation function is unexpected,
10
because the system is in a gapped (non-critical) phase. This kind of algebraic decays was also observed in long-range
Ising models [58–60]. As the LRK model is free fermionic, all the higher order correlators, such as density-density
correlations etc., can be obtained using the above two point correlators using Wick’s theorem.
We shall now proceed to discuss the entanglement entropy (EE) between two parts of the LRK chain as a measure
of the entanglement present in the system. Let us divided the system into two parts: A with system size ` and B with
system size L− `. The reduce density matrix of the subsystem A can be calculated by tracing out all the degrees of
freedom corresponds to the rest of the system B;
ρ` = TrB ρ (30)
where ρ = |ψ0〉 〈ψ0| is the density matrix for the whole system. Then, the entanglement entropy S` can be obtained
by calculating the Von-Neumann entropy of the reduced density matrix ρ` as
S` = − Tr (ρ` log ρ`) . (31)
For a free fermionic model, the EE can also be solved using the two point correlators Cmn = 〈ψ0| c†mcn |ψ0〉 and
Fmn = 〈ψ0| c†mc†n |ψ0〉, where m,n = 1, 2, . . . ` by constructing a 2`× 2` correlation matrix C as
C =
(
C F
1− F C†
)
. (32)
Then the EE is given by S` = −
∑2`
i=1 λi log λi, where λi are the eigenvalues of the correlation matrix matrix C [61].
In the ground state of a gapped Hamiltonian having short-range interactions, the EE generally obeys an area
law [62] due to finite correlation length (ξ) present in the system,
S` ∼ c
3
log ξ, (33)
where c is the central charge. As a result, for one dimensional short-range systems, the EE is given by to a non-
universal constant value which is independent of the subsystem size `. On the other hand, at the criticality, the EE
shows a universal logarithmic divergence with the subsystem size [63–65] as,
S` ∼ c
3
log `. (34)
Using the conformal field theory results, a universal scaling of the EE at the conformally invariant QCP of a one
dimensional short-range model with the periodic boundary condition can be obtained [66] as:
S` =
c
3
log2
(
L
pi
sin
(
pi`
L
))
+ a (35)
where c is the central charge of the theory and a is non-universal constant. The above equation (35) reduces to the
Eq. 34 in the limit ` << L. For the SRK chain, c = 1/2 along the critical lines µ = ±1. The above scaling of EE can
be used to find the the central charge of non-integrable models by calculating the EE using numerical techniques.
In the Ref [28], the EE for a half chain SL/2 has been calculated for the LRK model and also to study the violation
of the area law every where in the µ-α plane a finite size scaling ansatz has been proposed:
S` =
ceff
3
log2
(
L
pi
sin
(
pi`
L
))
+ a, (36)
where ceff is the effective central charge. (It should however be noted that the scaling form in Eq. (35) is strictly valid
only at the gapless conformally invariant critical point.)
The result, thus obtained, is presented in Fig. 5 where the value of ceff is depicted on the phase diagram of the LRK
model. (i) It has been found that, for α > 1 in the gapped region (µ 6= ±1) ceff = 0 and the EE obeys the area law.
(ii) On the other hand, a violation of area law occurs when α < 1 as ceff 6= 0 in the gapped region. This violation of
area law of EE in gapped phase is an artefact of the dominating long-range interaction (α < 1) present in the system.
More importantly, a breaking of conformal symmetry has been found along the critical line µ = +1 (µ = −1) for
α < 3/2 (α < 2) as ceff > 1/2 as shown Fig 5(a). In Fig. 5(b), the variation of ceff with the parameter α is shown for
the gap-less line µ = +1 and a gapped phase µ = 0.5. It is further observed that for α < 1, ceff = 1 along the the
critical line µ = +1 and this indicates that the nature of the phase transition along the critical line µ = +1 changes
11
(a) (b)
FIG. 5: (a) The figure shows the phase diagram in the µ − α plane obtained from the effective central charge analysis fitting
the von Neumann entropy SL/2 using Eq. 36. There exist two gap-less conformal field theories with c = 1/2 appear for µ = 1
(for α > 3/2)and µ = −1 (for α > 2).The broken conformal symmetry gap-less lines are shown by the red dots. Horizontal
dashed line separates two regions: for α > 1, the correlation functions display a hybrid exponential-algebraic decay while for
α < 1, the decay is purely of algebraic nature. (b) Variation of effective central charge with α for two different values of µ;
along the critical line µ = 1 and in a gapped phase µ = 0.5. One observes the violation of the area law of EE (for µ = 0.5) and
the increase from the central charge of 1/2 to 1 (for µ = 1). (Figure taken from Ref. [29] with permission from the author.)
drastically for the LRK chain in contrast to the SRK chain; in the latter situation c = 1/2 at both the critical lines
µ = ±1. This shows that the nature of transition becomes Dirac like (ceff = 1) for α < 1, while it is Majorana like
(c = 1/2) for the SRK chain. We note in the passing that similar scaling ansatz as in Eq. (36) has also been employed
to study the quantum phase transition and the associated central charge in a long-range transverse Ising chain with
antiferromagnetic interactions. Interestingly, the central charge has been found to exceed the expected value of 1/2
[58].
C. Topological phase diagram
Here, we will focus on the topological aspects of the phase diagram related to the presence and absence of MZMs
or massive Dirac modes (MDMs) and compare with that of the SRK chain.
(a) Majorana sector (α > 1): To probe the topological aspects of the phase diagram, we will divide this region
into two sub-regions α > 3/2 and 1 < α < 3/2. This is because of that the group velocity vg = ∂kλ(k) scales as
vg ∼ k−(3−2α) as k → 0 and hence diverges for α < 3/2 although the dispersion relation λα(k) is not divergent as
long as α ≥ 1.
In the region α > 3/2, the energy spectrum is topologically equivalent to the SRK chain. As shown in the Fig. 6(a),
the system hosts MZMs at the two ends of an open chain for −1 < µ < 1. The LRK chain is in topologically
non-trivial phase with winding number ν = 1 when studied with a periodic boundary condition. This is incongruence
with the bulk boundary correspondence. Otherwise (|µ| > 1), the system is topologically trivial with winding number
ν = 0 and there is no MZMs present in the open chain (see Appendix A).
On the other hand, for 1 < α < 3/2, for small system size L, Fig. 6(b) apparently shows a crossover region from
MZMs to MDMs between µ = −1 to µ = 1 in the energy spectrum for an open chain . But this crossover region does
not really exist in the thermodynamic limit L → ∞ as shown in the Fig 6(c) for a larger value of L = 1000. As the
group velocity diverges as k → 0, the spectrum becomes highly dispersive near k = 0 and it takes very large system
size L to realise the correct energy spectrum of the system. Thus for 1 < α < 3/2, the energy spectrum topologically
resembles with the SRK chain with only MZMs present in the region −1 < µ < 1. Therefore, the LRK chain becomes
effectively short-range in terms of the presence and absence of MZMs for entire range α > 1 [36, 37, 39] in contrast
to the claim made in [32].
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FIG. 6: Energy spectrum of the LRK Hamiltonian in Majorana basis for different values of the exponent α and system size
L to show that LRK chain is topologically equivalent to SRK chain for α > 1. (a) For α = 2.5 and L = 100, the spectrum
is similar to the Fig. 3(b) of SRK chain. (b) For α = 1.4 and L = 100, the spectrum looks very different from the energy
spectrum of the SRK chain with a crossover region from MZMs to MDMs. But these MDMs do not survive and the spectrum
resembles that of the of SRK chain as we increase the system size L (L → ∞), as shown in (c) for L = 1000 with the same
value of α. (After Ref. [39]).
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FIG. 7: (a) Energy spectrum of the LRK Hamiltonian with an open boundary condition in Majorana basis for α = 0.8, L = 1000.
Topological massive Dirac modes occurs when µ < 1, which is a manifestation of the long-range pairing in LRK chain. There
is no such MDM present for µ > 1. (b) Topological phase diagram of the LRK chain in the µ− α plane as determined by the
winding number. The line α = 1 marks the boundary between the long-range and the short-range topological character. Note
that the critical line at µ = −1 does not exist for α < 1 as discussed in Sec V A. (After Ref. [39])
(b) Massive Dirac sector: Let us focus our attention on the region α < 1 when the long-range nature of
interaction truly dominates; here, the phase diagram has already shown to be drastically different from the conventional
SRK model. In this region, for all µ > +1 the system with open boundary conditions is in a trivial phase with no end
modes, while for all µ < +1, this system hosts topological massive Dirac modes (MDMs) at the ends (see Fig. 7(a)).
These MDMs appear due to the coupling induced between the two MZMs at the two distant ends due to the presence
of long-range pairing, rendering them highly non-local. Moreover, although the Dirac mode is massive, it is still
topological and protected by the bulk gap. This non-local topological quasiparticle is also protected by the fermionic
parity because the ground state of the system in this phase still retains its even parity; populating the MDM which
is the first excited state of the system would then require a change in the fermionic parity from even to odd.
Since no discrete symmetry has been broken by the inclusion of the long-range pairing, the system still belongs to
the BDI symmetry class. However, the winding number ν, evaluated for the periodic boundary condition, is modified
by the topological singularity at k = 0 generated by the long-range pairing. This happens because at k = 0 both
the energy dispersion λα(k) and the group velocity vg = ∂kλα(k) diverge as the integrand in the definition of the
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Berry/Zak phase in Eq. (20) is considered in the limit k → 0. For the trivial phase with µ > +1, the winding number
is ν = −1/2, whereas in the topological phase hosting MDMs (µ < +1), ν = 1/2 (see Appendix A). The root of the
half-integral winding number is the following: the divergence of fα(k) as k → 0 means that the curve trace by nˆk
covers a semicircle, rather than a full circle, as k varies from 0 +  to 2pi − ). Although the topological invariant is
a half-integer in both cases, the difference between the invariants in the two topologically different phases is unity,
indicating that a topological phase transition separates the two half-integer quantized phases [32].
VI. LONG-RANGE KITAEV CHAIN: DYNAMICS
As we have discussed in the Sec. V B that when the interaction is sufficiently long-ranged, the behaviour of the
correlations functions in a gapped phases changes drastically i.e,. it has an purely algebraic or hybrid exponential-
algebraic decay rather than an exponential decay. Also, a breaking of conformal symmetry occurs along a gap-less
line accompanied by a violation of area law of EE in a gapped phase. It is therefore would be quite interesting to
investigate the effect of the long-range interactions on the information propagation and equilibration of the local
observables in the non-equilibrium scenario, e.g., after a sudden quench of the chemical potential of the system.
A. Propagation of mutual information, growth of EE and equilibration after a sudden quench
In a short-range interacting system, following a sudden quench occurring at t = 0, there exists a maximum group
velocity v of the the quasiparticles such that there will be no correlations between two points separated by a distance
∆x up to a time t = ∆x/2v . This is given by the Lieb-Robinson bound [67] which states there is an effective light-cone
outside of which correlations get exponentially suppressed. The EE of a subsystem (say A) grows linearly in time
after a quench [68, 69] up to a time τ = `/2v (where ` is the size of A), then it abruptly saturates to a constant value
which proportional to ` and system thermalize to a generalized Gibbs ensemble (GGE) [70]. This behaviour of the
EE after a sudden quench was explained by Calabrese and Cardy in terms of a pair of entangled quasiparticles moving
with opposite momenta [68]. This can be understood as follows: following the sudden quench, a pair of entangled
quasiparticles are produced at different points of the chain and propagate in opposite directions. The entanglement
entropy receives a contribution from those pairs for which one quasiparticle lies inside the block while the other one
lies out-side. Hence, the EE increases linearly in time till it saturates when the pair of quasiparticles that started in
the middle of the block reaches its boundary.
In the case of a long-range interacting system correlations do not necessarily obey the Lieb-Robinson bound and
it may have immediate correlation between distance points [35, 71]. In the Ref. [35], Regemortel et al. studied the
propagation of mutual information between two parts (say P and Q) of the LRK chain after a sudden quench from a
product state. The mutual information is defined as,
IPQ = SP + SQ − SP,Q, (37)
where SP , SQ and SP,Q are the Von-Neumman entropy of the reduced density matrices for the region P , Q and the
composite region P and Q, respectively. It has been reported that a small part off the mutual information build up
immediately after the quench regardless the distance between two parts, but the largest build up of mutual information
occurs within a well defined light-cone even for the sufficiently long-range interactions (α < 1). The most intriguingly,
the long-range interactions slow down the local equilibration of the system as there is enough mutual information
inside the time-like separations (see Fig. 8(a)). All these results has been explained in great details in terms of the
quasiparticle group velocity distribution [35]. The slowing down of the local equilibration is also reflected on the time
evolution of entanglement entropy after the sudden quench of the chemical potential. In contrast to the short-range
interacting system, there is a power law growth of the EE; S` ∼ tβ with β < 1, in the case of LRK chain for α < 1
according to the Ref. [35] which is in contradiction with the logarithmic growth reported in [28].
Let us note some related studies of the non-equilibrium dynamics of long-range transverse Ising chains. For a
long-range interacting spin chain, the initial growth of the EE following a global sudden quench has been found to
be logarithmic in time [72]. For a local quench in the long-range Ising model in a transverse field, on the other hand,
there exist three dynamical regimes: short-range-like with an emerging light cone for α > 2; weakly long-range for
1 < α < 2 without a clear light cone but with a finite propagation speed of quasiparticles; and fully non-local for
α < 1 with instantaneous transmission of correlations. This last regime breaks generalized Lieb-Robinson bounds.
For any α, the initial growth of the EE faster than logarithmic followed by a slow evolution in agreement with the
appearance of a diffusive evolution [73]. Thus, the behaviour of the growth of EE for a local quench in the long-range
Ising model in a transverse field is similar to the case of LRK chain when α < 1 as discussed above.
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FIG. 8: (a) Propagation of mutual information between two subsystems separated by a distance ∆r in LRK chain after a
sudden quench of the chemical potential from non-interacting ground state to critical points (µ = ±1) for several values of α.
The side panels show the mutual information propagation for a fixed value of ∆r. (b) Time evolution of EE after a sudden
quench from non-interacting ground state to µ = 1 for α = 0.7 with different values of system size. It shows an algebraic
growth and very slow equilibration of the EE. The dashed lines represent the same for the SRK chain (α = 10) which shows
the usual ballistic growth of EE and an abrupt saturation at τsat = `/2. The figure in the lower panel shows the saturation
time of the EE τsat (defined as time takes to reach 95% of the GGE entropy) as a function of α, for µ = −1 (blue solid line)
and µ = 1 (red dashed line). (The figure taken from the Ref. [35] with permission from the authors and the publisher.)
Finally, we conclude this section by a brief discussion on the prethermalization observed in closed quantum systems
with long-range ferromagnetic Ising interactions (falling as 1/rαij , where rij is the distance between between two spins)
both theoretically [74–76] as well as experimentally [77]. The non-equilibrium dynamics of the spin system, which is
non-integrable due to the presence of both a transverse (hz) and longitudinal (hx) fields, has been studied following
a sudden quench [76]. In the presence of longitudinal field (hx 6= 0), for any α ∈ (0, 1), the permutation operators
Pij of spins i and j, are quasi-conserved quantity. The relaxation time of the expectation value of these permutation
operators is not shorter than O(L1−α) i.e., the relaxation timescale τrel ∝ L1−α. Another initial relaxation timescale
(τini), associated with the growth of quantum correlations, has been evaluated by studying the time evolution of the
spin-spin correlation functions as the initial stage of relaxation. It turns out, for any α in the range 0 < α < 1, the
initial relaxation timescale goes as τini ∝ lnL when the system size L is sufficiently large. This logarithmic dependence
of τini on L is because of the chaoticity of the underlying classical dynamics where the quantum fluctuations grow
exponentially fast as eκt/
√
L with positive constant κ . Therefore, there exists a large timescale separation between
the two steps of relaxation and thus prethermalization occurs in the system for any α ∈ (0, 1). In absence of the
longitudinal field (hx = 0), prethermalization occurs only for 0 < α < 1/2 [74, 75]. This is because of the fact that
the underlying classical dynamics is not chaotic rather regular with τini ∝ Lγ with γ = min {1/2, 1− α} instead of
the logarithmic in L.
For a periodically driven many body spin system with long-range disordered interactions, the disorder averaged
energy absorption rate at high temperatures has been found to decay exponentially with the driving frequency and
there exist a prethermal plateau in which dynamics is governed by an effective, static Hamiltonian for long times [78].
B. Kibble-Zurek scaling
The LRK chain has also been studied in the context defect generation following a ramp of the chemical potential
term µ is tuned as µ(t) = t/τQ, from a large negative value to a final value µ = 0 [79]. When a quantum many-body
system is quenched across a QCP by changing a parameter (say, linearly as t/τQ), the dynamics is necessarily non-
adiabatic due to the diverging relaxation time associated with the QCP; this results in the production of defect (or
excess energy) in the final state of the system reached following the quench [80, 81]. Remarkably, the density of defect
(nd) exhibits a universal scaling with the inverse quenching rate τQ; this is known as the Kibble-Zurek (KZ) scaling
which has been studied extensively in recent years [82–90]. (For review, see [91–93]). Following a slow passage across
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an isolated critical point, the density of defect in the final state satisfies the scaling relation [84]:
nd ∼ 1
τQν˜d/ν˜z+1
, (38)
where ν˜ is correlation length exponent and z is the dynamical exponent associated with the QCP across which the
system is quenched. In the subsequent discussion, we shall consider the LRK for the parameter α > 1.
Let us initially prepare the LRK chain in ground state with a large negative µ to which and the ramp is subjected
to. Referring to the quasi-momentum mode k, the state of the system at any instant t can be written as |ψk(t)〉 =
uk(t)|0〉+vk(t)|1〉, where |0〉 and |1〉 are the diabatic basis states (1, 0)T and (0, 1)T with reference to (2×2) Hamiltonian
in Eq. (9). The corresponding Schro¨dinger equation can be written in the form:
i
d
dt
uk(t) = −(w cos k + µ(t))uk(t) + i∆f∞α (k)vk(t)
i
d
dt
vk(t) = −i∆f∞α (k)uk(t) + (w cos k + µ(t))vk(t), (39)
with the initial condition |uk|2 = 1 and |vk|2 = 0. Using the transformation, τ = iτQ∆f∞α (k) (t/τQ − w cos k), we can
recast the above Eq. (39) to the standard Landau-Zener (LZ) form [94–96]
i
d
dτ
uk(t) = −(τ∆˜k)uk(t) + vk(t)
i
d
dτ
vk(t) = uk(t) + (τ∆˜k)vk(t) (40)
where ∆˜k =
(
τQ(∆f
∞
α (k))
2
)−1
. For slow passage through the QCP, the excitation probability can be calculated using
the LZ non-adiabatic transition probability [94, 95] that the system ends in the excited state of the final Hamiltonian
µ = 0;
pk = e
−pi/∆˜k ' e−piτQ(∆f∞α (k))2 . (41)
In the large τQ limit, pk will be significant only for the modes close to the critical mode kc = 0 and hence we use
the expansion formula of the poly-logarithmic functions in the limit k → 0, considering three limiting situations and
calculate the corresponding scaling of the defect density:
Situation I: α 6∈ Z; in this case, one can use the expansion:
(f∞α (k))
2 = 4 cos2
piα
2
Γ2(1− α)k2(α−1) + 4ζ2(α− 1)k2
+8 cos
piα
2
ζ(α)Γ(1− α)kα + o(k3)
= c1(α)k
2(α−1) + c2(α)kα + c3(α)k2 + o(k3)
(42)
where we have used standard Gamma functions(Γ) and Riemann zeta functions(ζ) [31, 97] and the coefficients are
ci(α)s given by:
c1(α) = 4 cos
2 piα
2
Γ2(1− α), (43)
c2(α) = 8 cos
piα
2
ζ(α)Γ(1− α), (44)
c3(α) = 4ζ
2(α− 1). (45)
Inspecting Eq. (42), we find that for α < 2, the term k2(α−1) dominates as k → 0. Hence, the density of quasiparticle
excitation in the final state at the end of the drive in the thermodynamic limit can be calculated as
nd =
1
2pi
∫ pi
−pi
pkdk ≈ 1
2pi
∫ ∞
−∞
e−pi∆c1(α)τQk
2(α−1)
dk =
1
2pi
[
Γ( 12α−2 )
(pi∆c1(α)τQ)
1
2α−2
]
, (46)
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FIG. 9: The variation of the defect density nd with inverse quenching rate τQ: (a) The figure shows that the scaling exponent
(determined by the slope of the curve) depends on the interaction range α for α < 2. The solid lines show the theoretically
predicted values 1/(2α − 2) and the dotted lines are from numerical solution of the differential Eqs. (40) using Runge-Kutta
method with L = 10000, µi = −10 and µf = 0. (b) The scaling exponent does no longer change with the range of interaction
for α ≥ 2, rather gets saturated to the short-range value 1/2. In the marginal case α = 2, the exponent reaches the short-range
limit of 1/2 only in the asymptotic limit as shown in the inset. (Figure taken from [79].)
where we have extended the range of integration over k from −∞ to ∞. Analysing the spectrum in Eq. (16), we
find that in this case, the dynamical exponent z = (α − 1), while ν˜z = 1; we therefore find that the scaling of nd
in Eq. (46) obtained through the Landau-Zener transition formula is consistent with the Kibble Zurek prediction in
Eq. (38). On the other hand, for α > 2, the term k2 dominates and hence we retrieve the scaling for the short-range
situation nd ∼ 1/
√
τ with ν˜ = z = 1 [84].
For integer α, the expansion formula for poly-logarithmic functions is given by
f∞α (k) = −
iαkα−1
(α− 1)!
[
(1 + (−1)α)(Hα−1 − ln k − ipi
2
) + ipi
]
−2
∑
m∈odd
m 6=α−1
ζ(α−m)im+1
m!
km, (47)
where Hn is nth Harmonic number. Using this expansion, we shall probe the following cases:
Situation II: α is an integer; for any α 6= 2,∈ Z one finds:
(f∞α (k))
2 = 4(ζ(α− 1))2k2 + o(k3). (48)
Using Eq. (48), one can similarly calculate the scaling of the density of quasiparticle excitation in the final state
nd ' 1
(4pi(ζ(α− 1))2τQ) 12
. (49)
Thus when the interaction is sufficiently short-ranged (i.e., α > 2), we again retrieve the short-range KZ scaling.
Situation III: Marginal case α = 2; the expansion of (f∞α (k))
2 for α=2 can be calculated from the expansion
Eq.(47):
(f∞2 (k))
2 = 4(1− ln k)2k2 + o(k3); (50)
We note that for α=2, there is a prominent logarithmic correction in the leading order to the expression of pk which
leads to sub-leading corrections to the scaling of nd ∼ 1/√τQ. However, in the asymptotic limit of τQ → ∞, the
sub-leading corrections drops off yielding the short-range scaling relation.
We thus have the KZ scaling exponent 1/(2α − 2), which reduces to the short-range value when α → 2 while for
α > 2 the scaling exponent gets saturated to 1/2. This establishes that the case α = 2 marks the boundary between
the long-range and the short-range behaviour so far as the KZ scaling is concerned. Furthermore, in the marginal
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case α = 2, there are non-universal sub-leading corrections which vanish in the limit of τQ → ∞. It is remarkable
that the situation with α = 2, which is the marginal situation for the classical Ising chain, turns out to be marginal
also in the KZ scaling. These KZ scaling relations predicted analytically have also been numerically verified as shown
in Fig. 9. We conclude this section with the note that KZS has been also explored for a long-range transverse Ising
chain using numerical techniques and the corresponding scaling exponent is found depend non-trivially on the range
of the interaction [98].
VII. SOME RELATED WORKS ON THE DYNAMICS OF THE LRK CHAIN
(i) Periodically kicked LRK chain: The non-equilibrium dynamics of the LRK chain subjected to a periodic
δ-kicks in the chemical potential,
µ(t) = µ+ V
∞∑
n=−∞
δ(t− nT ), (51)
where V and T is the kicking strength and time period, respectively, has been recently studied [39]. The quasienergy
spectrum of the Floquet Hamiltonian have been studied as function of µ for various values of the parameters α and
kicking frequency (ω = 2pi/T ). It has been shown that the periodic δ-kicks generates new massless Majorana modes
(for α > 1) and massive Dirac modes (for α < 1) at the quasienergies 0 and pi in addition to the modes occurring
at zero energy in the topological phase of the undriven chain. Moreover, these end modes are separated from the
bulk by finite gaps and are therefore topologically protected. The critical values of the chemical potential µ can be
calculated as function of ω and V , where the massless Majorana and massive Dirac modes occur. Interesting, both
massless and massive modes can co-exist for certain values of µ if we decrease the kicking frequency. The existence
of the these modes has been characterised by an appropriate bulk topological invariant in the periodic boundary
condition.
(ii) Periodically driven LRK chain: Periodically driven LRK chain has also been studied in Ref. [99] in the
context of equilibration and mutual information propagation within the framework of Floquet theory; in this work,
the chemical potential µ is subjected to periodic pulses and sinusoidal variations. It has been observed that all the
local observables confined in a subsystem (with size ` << L) synchronizes with the driving frequency ω and reaches
a periodic steady state in the asymptotic limit (i.e., the number of stroboscopic periods n → ∞) irrespective of the
value of the exponent α and the frequency ω. To study the equilibration process, an appropriate distance measure
D`(n) (∈ [0, 1]) (between the instantaneous correlation matrix and the asymptotic correlation matrix) has been
studied for different values of α and ω. Interestingly, there is a critical value of the exponent αc, above which two
different dynamical phases exist depending on the frequency of driving. More specifically, for α > αc, the distance
measure decays as D`(n) ∼ (ω/n)3/2 when ω → ∞ and D`(n) ∼ (ω/n)1/2 when ω → 0, which indicates at least
one dynamical phase transition occurs at some frequency ωc similar to the short-range system [100]. On the other
hand no such dynamical phase transition present for α < αc as D`(n) ∼ (ω/n)1/2 for any value of ω. Under the
application of periodic driving, propagation of mutual information between two subsystems has been also studied
as function of α and ω. The signature of the dynamical phase transition is also observed in the mutual information
propagation. It is reported that for α > 2 > αc, mutual information propagates in a well defined single light-cone
(like the short-range intereacting system) when ω > ωc; on the other hand, it shows multiple light-cone like features
when ω < ωc. Furthermore, when α ≤ 2, system does not exhibits any light-cone like structure and information can
propagate instantaneously throughout the system similar to the case after a quench [33, 35, 71].
(iii) Dynamical Quantum Phase transitions (DQPTs): DQPTs, introduced by Heyl et al. [101] (see also [102–
105], are non-equilibrium quantum phase transitions occurring in the subsequent temporal evolution of a quenched
system at different instants of real time and are manifested in non-analyticities in the Loschmidt echo (L). Here,
a quantum many-body system is initially prepared in the ground state |ψ0〉 of the initial Hamiltonian H(λi) and
the parameter λi is suddenly quenched to a final value λf . DQPTs occur at those instants of time (denoted by
critical times tc) at which the evolved state |ψ(t)〉 = exp(−iH(λf )t)|ψ0〉 becomes orthogonal to the initial state so
that L(t) = |〈ψ0| exp(−iH(λf )t)|ψ0〉|2 vanishes. For an integrable model, reducible to decoupled 2 × 2 problems
for each momenta mode, tnc = (pi/2
f
k∗)(2n + 1), where k∗ is the critical mode for which the overlap vanishes, 2
f
k∗
is the corresponding energy gap of the final Hamiltonian and n = 0,±1, ... . For a one-dimensional system, the
corresponding dynamical free energy density F = −(1/L) ln〈ψ0| exp(−iH(λf )t)|ψ0〉 (or the rate function of return
probability), where L is the chain length, shows cusp singularities at those values of tc. These non-analyticities have
also been observed following a preparation of the initial state through a linear ramping of the parameter λ [106] also
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in non-integrable models [108–110]. Further, these non-analyticities have been experimentally detected [111, 112].
Although there is no local order parameter, these non-equilibrium transitions can be characterised by a dynamical
topological order parameter which is constructed from the Pancharatnam phase extracted from the Loschmidt overlap
amplitude 〈ψ0| exp(−iH(λf )t)|ψ0〉 [113] and shows an integer jump of unit magnitude at every critical time. In two
dimensional situations, the non-analyticities manifest in the time derivative of the dynamical free energy density
[114–116] and the associated topological winding number has been derived [117]. DQPTs have also been explored
when the initial state is a mixed state [118, 119] and also for open quantum systems [120].
Similar DQPTs have been probed for the LRK chain following a sudden change in the chemical potential µ [79].
Interestingly, the existence of a new region in the µ − α plane has been established; in this region, one finds three
instants of cusp singularities in the dynamical free energy associated with a single sector of zeros (i.e., for a single n)
of the Loschmidt overlap amplitude. Notably, the width of this region shrinks as α increases and vanishes in the limit
α→ 2 indicating that this special region is an artefact of long-range nature of the LRK Hamiltonian [79]. This study
also shows that α = 2 marks the boundary between the short-range and the long-range limit so far as dynamics is
concerned. It is note-worthy, that the DQPTs have been studied for the long-range interacting quantum Ising chains
and long-range interactions have been found to play a dominant role, at least for the smaller values of α [125].
(iv) Survival probability of edge Majorana modes: The temporal evolution of a zero energy edge Majorana
present in the topological phase of a SRK chain has also been studied following a sudden quench of the chemical
potential µ [126]. The system is quenched either to the topologically trivial phase or to the QCP separating these
two phase and the survival probability of one of the edge Majoranas is observed as a function of time. Interestingly
when the chain is quenched to the QCP, one find a nearly perfect oscillations of the survival probability, indicating
that the Majorana travels back and forth between two ends, with a time period that scales with the system size.
This is manifested in the Majorana survival probability (or the Loschmidt echo) which is the modulus square of the
overlap between the initial Majorana state and its time evolved counterpart evolving with the final Hamiltonian;
these oscillations, when quenched to the QCP, can be attributed to the to the nearly equi-spaced nature of the bulk
modes and linearity of the spectrum at the QCP. We note that similar quasi-periodic oscillations of edge states have
also been observed in the case of topological insulators [127] and Chern insulators [128]. Recently, a similar quenching
to the QCP of the LRK chain has been studied. For a finite size system, it has been found that the revivals in the
Loschmidt echo are connected to the energy gap. Interestingly, when long-range superconducting term dominates,
the first revival time (periodicity) is found to scale inversely with the group velocity at the gap closing point, instead
of the maximum group velocity [129].
VIII. CONCLUSION
In this review article, we have discussed long-range interacting classical and quantum Ising chains and their critical
properties. We have pointed out that there exists a special type of BKT transition in inverse square Ising chain and
the corresponding field theoretical study is still lacking. At the same, interestingly any finite temperature transition
of its quantum counterpart belongs to the universality class of the classical BKT transition and thereby yielding a
line of BKT transitions in the h-T plane. We have also mentioned some recent studies on the dynamics of long-range
quantum Ising chains in subsequent discussions. It is note-worthy that long-range interacting spin models have also
been studied in the context of the non-equivalence of ensembles and the diverging equilibration time [130, 131].
The major emphasis of the review, however, lies on the recent developments of the LRK chain. While the long-
range interacting Ising chains are non-integrable, the LRK chain is integrable and can be reduced to decoupled two
level problems; further, even in the presence of long-range pairing terms, the LRK chain respects all the symmetries
of the BDI class and hence its topological properties can be characterised by a winding number. Regarding the
topological phase diagram of the model, the long-range interaction plays a dominant role when the decay constant
α < 1; both the topological phase and the non-topological phase are characterised by half-integer winding numbers,
which however, shows a jump of unit magnitude across the topological transition. However, for α > 1, the topological
behaviour of the LRK chain is similar to that of the SRK chain (with ∆ ≥ 0) with a topological phase (ν = 1) and a
topologically trivial phase (ν = 0) separated by QCP. For the LRK chain with an open boundary condition and α > 1,
symmetry protected massless edge MZMs exist as in case of the SRK model. On the other hand, when the long-range
pairing dominates (i.e., α < 1), these edge MZMs hybridise to form topologically protected massive Dirac modes. The
occurrence of these massive modes is a cardinal feature of the LRK chain for α < 1. We therefore conclude that the
line α = 1 marks the crossover between the long-range and the short-range topological behaviour.
The out of equilibrium of the LRK chain is also influenced by the long-range nature of interaction. The ballistic
nature of the growth of the EE following a sudden quench disappears for α < 1, rather there is a power-law (or
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logarithmic) growth to asymptotic steady value that obeys the volume law. In the context of the mutual information
propagation, it has been observed that even though a light cone like propagation is evident is short-range limit, in the
other situation there is an instantaneous propagation of information and the light cone structure disappears. For the
sudden quenching case, the the light cone disappears for α < 3/2 as the group velocity of the quasiparticles diverge
at k = 0. In the case of periodically driven LRK chain, on the other hand, the same happens for α < 2 because the
stroboscopic group velocity diverges. Also in DQPTs those occur following a sudden quench and in the KZS scaling
following a linear ramp, it appears that the long-range interactions play a dominant role only if α < 2. Recently, the
Lieb-Robinson bounds for quantum systems coupled to a bath with long-ranged interactions has also been studied
[132].
Let us also comment on some studies on the higher dimensional version of the models discussed in this review.
Using matrix product states and density-matrix renormalization-group algorithms, the ground-state phase diagram of
the long-range interacting triangular Ising model with a transverse field on six-leg infinite-length cylinders has been
studied and it has been suggested that the long-range quantum fluctuations always lead to long-range correlations,
where correlators exhibit power-law decays instead of the conventional exponential drops observed for short-range
correlated gapped phases [133]. A two-dimensional transverse Ising model in the presence of algebraically decaying
long-range ferromagnetic/antiferromagnetic interactions residing on the square and triangular lattice has been studied
using a numerical method that combines the perturbative continuous unitary transformations with classical Monte
Carlo simulations. It has been found that the unfrustrated systems change from mean-field to nearest-neighbor
universality with critical exponents continuously varying with the range parameter. In the frustrated case, the system
sticks to the universality class of the nearest-neighbor model independent of the long-range nature of the interaction
for the square lattice. On the contrary, for the triangular lattice the quantum criticality is terminated by a first-order
phase transition line [134].
We note that it has been recently proposed that an experimental platform based on a planar Josephson junction
comprising of a two dimensional degenerate electron gas with spin-orbit coupling, can host Majorana modes [135].
This set up has been shown to be equivalent to a long-range Kitaev chain [136]. Further when a magnetic impurity
is placed on top of a conventional s-wave superconductor, a Shiba state with energy inside the superconducting gap
is formed when the interaction between the impurity and the quasiparticles in the bulk superconductor is sufficiently
strong [137]. A periodic one dimensional array of such impurities can be described by a LRK chain as long as the
chain length is small compared to the coherence length of the host superconductor [138].
Motivated by the experimental studies of two-dimensional topological superconductors [139], the phase diagram and
the edge states of a two-dimensional LRK chain with both algebraically decaying hopping and the superconducting
pairing terms has been explored [140]. Two topological phases with different chirality and one non-topological phase,
characterised by a topological winding number, have been found. Topological phases are characterised by propagating
edge Majorana modes. When both the hopping and the paring terms decay with the same exponent, one of the
topological phases gets significantly enhanced. On the contrary, when the decay of the pairing term is slower than
the hopping term, a new phase emerges in which the edge Majoranas couple non-locally and remain gapped even in
the thermodynamic limit; remarkably, these non-local edge states are still separated from the bulk by a gap and are
localized at both the edges at the same time.
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Appendix A: Calculation of winding number for LRK chain
In this Appendix, we shall explicitly calculate the winding number (ν) as defined in Eq. (19) for the LRK chain
using Hk as in Eq. (7) for different values of α. Let us recall
ν =
1
2pi
∮
dφk =
1
2pi
∫ 2pi
0
dk
(
dφk
dk
)
, (A1)
where the angle φk = tan
−1 [fα(k)/(µ+ cos k)] for the Hamiltoninan Hk and the closed line integral is over the
Brillouin zone.
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Let us first consider the case α → ∞ (i.e., the SRK chain with ∆ = ω = 1/2): the band touching is only possible
at momenta values k = 0 and k = pi in the Brillouin zone which only contribute in the integral in Eq. A1. and
we will linearise φk = tan
−1 [sin k/(µ+ cos k)] around these two points. Linearising around the point k = 0, we get
φk = tan
−1 [k/(µ+ 1)] and thus
dφk
dk
=
(1 + µ)
(1 + µ)2 + k2
. (A2)
The contribution to the ν from k = 0 is then
ν1 =
a
2pi
∫ ∞
−∞
dk
a2 + k2
, (A3)
where a = 1 + µ 6= 0. Using the continuum approximation, we change the limit of integration from −∞ to ∞ which
yields
ν1 =
{
+ 12 , for µ > −1,
− 12 , for µ < −1.
(A4)
Similarly, linearising around k = pi yields φk = tan
−1 [(pi − k)/(µ− 1)] and thus,
ν2 =
{
+ 12 , for µ < 1,
− 12 , for µ > 1.
(A5)
Therefore, the winding number for the SRK chain is given by,
ν = ν1 + ν2 =
{
1, for |µ| < 1,
0, for |µ| > 1. (A6)
Let us now proceed to the long-range situation: for any finite value of α (α > 1), band gap closes at both the point
k = 0 and k = pi and leading order expansions in k (or (pi−k)) are the same as the SRK model with different positive
coefficient. Therefore, the winding number happens to be the same as SRK model for any α > 1.
On the other hand, when α < 1, the band touching is only possible at k = pi (as fα(k) → ∞ as k → 0 for α < 1)
and ν has contribution only from the point k = pi. Linearising the function fα(k) about the point k = pi,
fα(k)|k=pi ∼
[
− ∂
∂k
(
Liα(e
ik)
)]
k=pi
(pi − k) , (A7)
and hence, φk = tan
−1 [g(α)(pi − k)/(µ− 1)] where g(α) = [− ∂∂k (Liα(eik))]k=pi. Since g(α) is a real positive quantity
for 0 ≤ α < 1. Therefore, the winding number is given by,
ν =
1
2pi
∫ ∞
−∞
g(1− µ)dk
(µ− 1)2 + g2 (pi − k)2 =
{
+ 12 , for µ < 1,
− 12 , for µ > 1.
(A8)
Therefore, the long-range interactions manifest itself in the topological winding number ν characterising the LRK
chain for α ≤ 1 (see Fig. 7(b) and related discussions in the main text)
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